
 

Definition 4.8

Let a so and define the function exp R R

to be
expacx expGloga

Proposition 47

The function expa IR 112 is continuous and
we have
i expat y expalxlexpacy t x y EIR
ii expa n a F ne Z
iii expa Ig Eta t PEZ and 9 EH 9 22

Proofi
expa is the composition of the two continuous

functions x x Ooga and y exp
Prop 4.3 expa is continuous

i we compute
expacxty exp Gtx loga

expfeoga expfyloga
expat expat

we also get for y x expat H expat



ii expacnxt expacxtcu hxitexpacxlexp.eu tx

expacx expacx
n times

expat for me IN and xc IR.CH

Furthermore expacil expGoga a

and expat 1 at Together with C this give
for x l and x 1

expacn a and expath a
n

iii we compute
AP expacpt expafq.PT expafPqDot

afar expafft
a

corollary 4.3
For all a o we have fiesta L

Proof
Using continuity of exp we get

Ling Fa Linesexpat expalo L

I



Definition 4.9
Proposition 47 justifies the notation

ax i expat exp x loga
we call a the base of the exponential
We also define the euler number

E i exp l Io It It It I t
2 7182818

Remark 4.3
i An equivalent definition of e is

e Giggs Itt see Homework 1

Later on we will show that this is equivalent
to Definition 4.9

ii Of all possible bases for an exponential
the base e has the unique property that
the slope of the tangent at the point
G Y Co 1 is exactly 1

Yn y Yn

i
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Tn 1 5

7 ex
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we will prove this property later when we

introduce differentiation

Proposition 4.8

For all ai b e IR o and x ye IR we have
i ax at a tY

ii ax t a

iii ax BY ab

iv i 1a a

Proofi
i Just a different way of writing Prop 4.7 i
ii of a expfxlog a log ax xloga
and therefore ax t expfylogca'T

exp y x loga a
iii iv analogous a



Proposition 4.9 limits
i For all ke N we have li e as

or in other words The exponential grows
faster than any polynomial

Proofi
For all so we have

ex
i i

Er f from which the claim

follows immediately

MiiFor all ke 1N

fins xke O and E xke as

Proof
rewrite x e Ea first statement

Kiso x e fine e figs e

iii fireslog x as and finyologx as



Proofi
Let KelR be arbitrary As log is strictly
monotonic increasing we have log x K

for all ek Thus fins logx as

Also
fineologx fines log Yy fizlogy as

17

Iv For every real number Lso we have

fish xD o and Eng x h as

Proofi
Let xn new be a sequence of real numbers
with xn O and Ling Xu 0 iii gives

Liya log Xu as

Together with fi oseY o see ii we get
LingXE finnedlogin o

and so fifo xd O The second statement

follows due to x D

El

v For all a o we have ftp.lox o

or in other words The logarithm grows
slower far x as than any polynomial



Proofi
Yet xn be a sequence of positive numbers
satisfying lim xu es For the sequence

yn a login
we have due to iii Ling Yu as

As xnd eh we obtain using ii

kings l 9 lines I Yue 4 0
a

vi For all a 0 we have fig xDlogic 0

Proof
This follows from u as xdlogx lqg
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